Abstract. Given two graphs T and F , the maximum number of copies of T in an F -free graph on n vertices is called the generalized Turán number, denoted by ex(n, T, F ). When T = K 2 , it reduces to the classical Turán number ex(n, F ). Let M k be a matching of size k and K * s,t a graph obtained from K s,t by replacing the part of size s by a clique of the same size. In this paper, we show that for any s ≥ 2,
for any s ≥ 1 and t ≥ 2, ex(n, K * s,t , M k+1 ) = max 2k + 1 s + t s + t t , k s n − s t + (n − k) k s + t − 1
Moreover, we also study the bipartite case of the problem. Let ex bip (n, T, F ) be the maximum possible number of copies of T in an F -free bipartite graph with each part of size n. And we prove that for any s, t ≥ 1,
Our proof is mainly based on the shifting method.
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Introduction
Given a graph T and a family of graphs F, the maximum number of copies of T in an F-free graph on n vertices is called the generalized Turán number, denoted by ex(n, T, F).
When T = K 2 , it reduces to the classical Turán number ex(n, F). For a single graph F , we write ex(n, T, F ) instead of ex(n, T, {F }). In [5] , Erdős determined ex(n, K s , K t ) exactly.
Recently, the problem of estimating generalized Turán number has received a lot of attention, see [2, 6-10, 12, 13] . We refer the reader to [2] for more background and motivation.
Let P k be the path on k verices, M k the matching with k edges, and C ≥k the family of all cycles with length at least k. In [11] , Luo gave upper bounds on ex(n, K s , C ≥k ) and ex(n, K s , P k ), which generalized the Erdős-Gallai's Theorem on paths and cycles [4] . In this paper, we determine the exact value of the generalized Turán number of matchings, which generalizes the Erdős-Gallai's Theorem on matchings [4] . Precisely, we prove the following theorem.
Theorem 1.1. Let M k be a matching of size k. For any s ≥ 2, we have
Moreover, let K * s,t be a graph obtained from K s,t by replacing the part of size s by a clique of the same size. Then for any s ≥ 1 and t ≥ 2, we have
We also study the bipartite case of the problem. Let ex bip (n, T, F ) be the maximum possible number of copies of T in a bipartite F -free graph with each part of equal size n. We prove the following theorem as well.
Theorem 1.2. For any s, t ≥ 1, we have
Our proof is mainly based on the shifting method, which has been used in [1] to give a short proof of the Erdős-Gallai's Theorem on matchings.
Notations and outline. Let G be a simple graph. By V (G), E(G) we denote the vertex set, the edge set of G, respectively. Let e(G) be the number of edges of G and N (G, T ) the number of copies of T in G. For any x ∈ V (G), we denote by d G (x) the number of neighbors of
we denote the number of edges in a maximum matching of G. For S ⊂ V (G), the subgraph induced by S is denoted by G[S]. For two disjoint subsets S, T ⊂ V (G), the induced bipartite graph between S and T is denoted by G[S, T ]. Let G 1 and G 2 be two disjoint graphs. The join of two graphs, denoted by
We denote by K n and E n the complete graph on n vertices and the empty graph on n vertices, respectively.
The rest of the paper is organized as follows. In Section 2, we introduce the shifting operation on graphs and give some properties of this operation. In Section 3, we prove Theorem 1.1. In Section 4, we prove Theorem 1.2.
2 The shifting operation
and edge set E(G) = {e 1 , e 2 , . . . , e m }. Here, edges in E(G) are viewed as two-element subsets of V (G). For 1 ≤ i < j ≤ n and e ∈ E(G), we define a shifting operation S ij on e as follows:
/ ∈ e and (e − {j}) ∪ {i} / ∈ E(G), e, otherwise.
Define S ij (G) to be a graph on vertex set V (G) with edge set {S ij (e) : e ∈ E(G)}.
It is easy to see that e(S ij (G)) = e(G). In [1] , Akiyama and Frankl proved the following lemma.
Lemma 2.1. Let G be a graph on vertex set [n]. Then for any 1 ≤ i < j ≤ n,
We further prove that the shifting operation can never reduce the number of the copies
Proof. Firstly, we show that
forms an s-clique of G. It is easy to check that C also forms an s-clique in S ij (G) for the following three cases:
(ii) j ∈ C and i ∈ C;
(iii) j ∈ C, i / ∈ C, but for all x ∈ C \ {j}, we have {x, i} ∈ E(G).
If j ∈ C, i / ∈ C and there exists some x ∈ C such that {x, i} / ∈ E(G). Then let
and B = C \ {j} \ A. On one hand, since for any x ∈ A, {x, i} / ∈ E(G), C ′ = (C \ {j}) ∪ {i} does not form an s-clique in G. On the other hand, for any x ∈ A, we have S ij ({x, j}) = {x, i} ∈ E(S ij (G)). And for any x ∈ B, we have {x, i} ∈ E(S ij (G)). It follows that C ′ forms an s-clique in S ij (G). Therefore, for any s-clique C in G, there is an unique corresponding
Secondly, we consider the number of copies of K * s,t . Let C 1 and C 2 be two disjoint subsets
. Therefore, in the rest of the proof, we assume that j ∈ C. Now the proof splits into the following two cases.
also forms a copy of K * s,t in S ij (G). If i / ∈ C and there exists some x ∈ C \ {j} such that
Moreover, it is easy to check that there is no two copies of K * s,t in G shifted into one copy of K * s,t in S ij (G). Combining all the cases, we conclude that
. Thus, the lemma holds.
The generalized Turán number of matchings
In this section, we determine the exact value of ex(n, K s , M k+1 ) and ex(n, K * s,t , M k+1 ). Let P be a property defined on all graphs of order n and t be a positive integer. We say P is t-stable if whenever G + uv has property P and
P . The following lemma shows that the property ν(G) = k + 1 is (2k + 1)-stable due to Bondy and Chvátal [3] .
Lemma 3.1.
[3] Let G be a graph on n vertices. If whenever ν(G + uv) = k + 1 and
Proof of Theorem 1.1. Let T be K s or K * s,t and G be a graph on n vertices with ν(G) ≤ k and the maximum number of copies of T . Since it can never reduce the number of copies of T by adding edges, we can further assume that G is the one with maximum number of edges subject to ν(G) ≤ k and N (G, T ) is maximum. Then we label the vertices of G by 1, 2, . . . , n, and applying the shifting operation S ij to G for all i, j with 1 ≤ i < j ≤ n. Finally, we obtain a graphG. It is easy to see that e(G) = e(G) and for any {x, y} ∈ E(G), x ′ < x and x ′ = y, we always have {x ′ , y} ∈ E(G). By Lemma 2.1, we have that
We can further assume that ν(G) = k. Otherwise, by adding one edge toG, we get a new graph G ′ with more edges and ν(G ′ ) ≤ k, which contradicts with that G is the one with maximum number of edges. Since G be a graph with the maximum number of copies of T , by Lemma 2.2 we have that N (G, T ) = N (G, T ). Now we prove the following three claims that characterises the structure ofG. Claim 1. Vertex subset {1, 2, . . . , k + 1} forms a clique ofG.
Suppose to the contrary, there exists x 1 , x 2 with 1 ≤ x 1 < x 2 ≤ k + 1 such that {x 1 , x 2 } / ∈ E(G). Since ν(G) = k, it follows that there exists an edge {y 1 , y 2 } ∈ E(G) such that
Then by x 1 ≤ k ≤ y 1 and {y 1 , y 2 } ∈ E(G), we have {x 1 , y 2 } ∈ E(G). By 
we shall obtain a matching of size k + 1 inG, a contradiction.
Thus, we have k + 1 ≤ ℓ ≤ 2k + 1.
Claim 2. U ′ forms an independent set ofG.
Suppose to the contrary, there exists x 1 , x 2 with ℓ + 1 ≤ x 1 < x 2 ≤ n such that {x 1 , x 2 } ∈ E(G). Then for any x ∈ U , since x ≤ ℓ < x 1 and ℓ + 1 < x 2 , then {x, ℓ + 1} is an edge ofG.
It follows that [ℓ + 1] forms a clique ofG, a contradiction.
Claim 3. For any vertex y ∈ U ′ , we have dG(y) ≤ 2k − ℓ + 1.
Suppose to the contrary that dG(y) ≥ 2k − ℓ + 2 for some y ∈ U ′ . Since U is a maximum clique and y / ∈ U , it follows that there exists some x ∈ U , such that {x, y} / ∈ E(G). SinceG is the one with maximum number of edges, we have ν(G + xy) = k + 1. Since dG(x) ≥ ℓ − 1 and dG(y) ≥ 2k − ℓ + 2, then dG(x) + dG(y) ≥ 2k + 1. By Lemma 3.1, it follows that ν(G) = k + 1, a contradiction. Thus, the claim holds.
Firstly, we determine the exact value of ex(n, K s , M k+1 ). If s > 2k+1, it is easy to see that
, by Claims 1 and 3, we have dG(y) ≤ 2k−ℓ+1 ≤ k < s−1
for any y ∈ U ′ . It follows that any s-clique ofG is contained in U . Thus, we have
. By considering the second derivative, it is easy to check that f (ℓ) is a convex function and k + 1 ≤ ℓ ≤ 2k + 1. Thus, we have
Combining all the cases, we obtain that for s ≥ 2,
On the other hand, it is easy to see that the constructions K 2k+1 and K k ∨E n−k are M k+1 -free.
It implies that
Secondly, we study the maximum number of copies of K * s,t inG.
independent set of size n − ℓ and G ℓ [U 0 , U ′ ] a complete bipartite graph. By Claims 1, 2 and 3,G is a subgraph of G ℓ . Let Ω(G ℓ , K * s,t ) be the set of all K * s,t 's in G ℓ , i.e.,
Now we enumerate the copies of K * s,t in G ℓ by classifying Ω(G ℓ , K * s,t ) into three classes as follows:
For the first class, since there are 2k+1−ℓ s ways to choose C 1 and n−s t ways to choose C 2 , it follows that
For the second class, since U ′ is an independent set, there is exactly one vertex in U ′ belonging to C 1 and all the other vertices in C 1 ∪ C 2 are contained in U 0 . It follows that
For the third class, there are 
It is easy to check that f 1 (ℓ), f 2 (ℓ) and f 3 (ℓ) are all convex functions in ℓ. Let
Then, N (G ℓ , K * s,t ) = f (ℓ) and f (ℓ) is a convex function in ℓ. Thus, we have
Moreover, the constructions K 2k+1 and K k ∨ E n−k show that the bound is tight. Thus, we complete the proof.
The bipartite case
In this section, we determine the exact value of ex bip (n, K s,t , M k+1 ). Before that, we prove a bipartite version of the stable result for the property ν(G) = k + 1. 
Proof. By symmetry, we only need to show that
Then, (S, T ) also forms a copy of K s,t in S ij (G) for the following three cases:
(ii) j ∈ S and i ∈ S;
(iii) j ∈ S, i / ∈ S, but for all y ∈ T , we have {i, y} ∈ E(G).
If j ∈ S, i / ∈ S and there exists some y ∈ T such that {i, y} / ∈ E(G). Then let S ′ = S \ {j} ∪ {i}, we have (S ′ , T ) forms a copy of K s,t in S ij (G) but does not form a copy of K s,t in G. Therefore, for any copy of K s,t in G, there is an unique corresponding one in S ij (G).
Moreover, there is no two copies of K s,t in G shifted into one copy of K s,t in S ij (G). It follows
Proof of Theorem 1.
and G(X, Y ) a bipartite graph with maximum number of copies of K s,t and ν(G) ≤ k. Since it can never reduce the number of copies of K s,t by adding edges, we can further assume that G is the one with maximum number of edges subject to ν(G) ≤ k and N (G, K s,t ) is maximum. Then apply the shifting operations S ij and Sīj to G for all i, j with 1 ≤ i < j ≤ n. Finally, we obtain a graphG. It is easy to see that e(G) = e(G) and for any {x, y} ∈ E(G) and x ′ ≤ x, y ′ ≤ y, we always have {x ′ , y ′ } ∈ E(G). Moreover, if for some x ∈ X and dG(x) = m, then the neighborhood of x has to be {1,2, . . . ,m}. By Lemma 2.1, we have that ν(G) ≤ ν(G) ≤ k. We can further assume that ν(G) = k. Otherwise, by adding one edge toG, we get a new graph G ′ with more edges satisfying ν(G ′ ) ≤ k, which contradicts with the selection of G. Since G is a graph with the maximum number of copies of K s,t , by Lemma 4.2 we have that
In order to characterizeG, we partition each of X and Y into three parts according to degree as follows:
Now we prove the following three claims that characterises the property ofG.
Claim 4. For all x ∈ X 0 , dG(x) = n and for all y ∈ Y 0 , dG(y) = n.
Suppose to the contrary, there exists some x ∈ X 0 such that dG(x) < n. Then, there is some y ∈ Y such that xy / ∈ E(G). SinceG is a graph with the maximum number of edges, it
Suppose to the contrary, there exists some x ∈ X 1 such that dG(x) ≥ k + 1 − |X 0 |. Since 
Suppose to the contrary, |X 0 | + |Y 0 | ≥ k + 1. By Claim 4, for any x ∈ X, y ∈ Y , we have dG(x) ≥ |Y 0 | and dG(y) ≥ |X 0 |. It follows that dG(x) + dG(y) ≥ k + 1. Then, xy ∈ E(G) and G has to be complete bipartite graph, which contains a matching of size k+1, a contradiction.
Thus, the claim holds. Then, we classify Ω(G a,b , K s,t ) into three class according to the position of S.
For the first class, since S ⊂ X * 0 and G a,b [X * 0 , Y ] is a complete bipartite graph, then we have
For the second class, since
is a complete bipartite graph, then we have
For the third class, since S ∩ X * 2 = ∅ and G a,b [X, Y * 0 ] is a complete bipartite graph, then we have
Let f (a, b) be the number of pairs (S, T ) in Ω(G a,b , K s,t ). Then Thus, for s = t, we obtain that
Moreover, the number of copies of K s,s in the complete bipartite graph K n,k is exactly Besides, for s = t, the number of copies of K s,t in K n,k is exactly k s n t + k t n s . Consequently, for s = t, we have ex(n, K s,t , M k+1 ) = k s n t + k t n s , and the theorem holds.
